A GENERALIZATION OF RANDOM MATRIX ENSEMBLE II: 
CONCRETE EXAMPLES AND INTEGRATION FORMULAE 1 



JINPENG AN, ZHENGDONG WANG, AND KUIHUA YAN 



Abstract. According to the classification scheme of the generalized random 
matrix ensembles, we present various kinds of concrete examples of the gener- 
alized ensemble, and derive their joint density functions in an unified way by 
one simple formula which was proved in [2]. Particular cases of these examples 
include Gaussian ensemble, chiral ensemble, new transfer matrix ensembles, 
circular ensemble, Jacobi ensembles, and so on. The associated integration 
formulae are also given, which are just many classical integration formulae or 
their variation forms. 



Guided by Dyson's idea in [5], many authors have investigated the method of 
deriving the joint density functions of various kinds of random matrix ensembles 
in terms of Riemannian symmetric spaces. One of the most important works in 
this direction was made by Duehez 0], in which the joint density functions for 
the circular ensemble and various kinds of Jacobi ensembles was obtained using an 
integration formula associated with the KAK decomposition of compact Lie group, 
according to Cartan's classification of compact irreducible Riemannian symmetric 
spaces. The achievement of this direction was summarized by the excellent review 
article of Caselle and Magnea 0- 

This is a sequel paper of 0, in which a generalization of the random matrix 
ensemble was defined. First we give a sketch of the content of Suppose a Lie 
group G acts on an n-dimensional Riemannian manifold X hy a : G x X ^ X, 
and suppose the induced Riemannian measure dx is G- invariant. Let Y be a closed 
submanifold of X with the induced Riemannian measure dy, and let K — {g G 
G : o- g {y) = y,y y e Y}. Define the map tp : G/K x Y -> X by <p(\g],y) = <J g {y). 
Let X z C X, Y z C Y be closed subsets of measure zero in X and Y, respectively. 
Denote X' = X \ X z , Y' = Y \ Y Z . Suppose the following conditions hold. 
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(c) (dimension condition) dimG y = dimif, Vj/ € 1". 
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(d) (orthogonality condition) T y Y _L T y O y , Vi/ £ 1". 

Suppose d[i is a G-invariant smooth measure on G/K, and suppose p(x) is a G- 
invariant smooth function on X. Then the system (G, a, X,p(x)dx, Y, dy) is called a 
generalized random matrix ensemble. X and Y are called the integration manifold 
and the eigenvalue manifold, respectively. It is proved that there is a quasi-smooth 
measure dv on Y, which is called the generalized eigenvalue distribution, such that 
ip* (p(x)dx) = d^dv. We write dv as the form dv(y) — V(y)dy = p(y)J(y)dy, where 
P(y) — P(y)J(y) i s called the generalized joint density function. For y G Y' define 
the map ty y : [ — > T y O y by tyy(£) — ^ | t=0 (J cxpt{(2/), V£ £ I, where [ is a linear 
subspace of g such that g = t © [. The main result in 2 is 

(1.1) J(i/) = G|det* 3/ |, G= |det((^) e | t )r 1 . 
If in addition the following covering condition holds: 

(e) (covering condition) The map tp : G/K x Y —* X' is a d-sheeted covering 
map, with e? < +oo. 

Then it is also proved in [2| that 

(1.2) / f{x)p{x)dx=± [ If f(a g (y))dp{[g]))dv{y) 

•J X J Y \ " G I K J 

for all / e C°°{X) with / > or with / e L 1 (X,p(x)dx). also give a clas- 
sification scheme of the generalized ensembles, that is, the linear ensemble, the 
nonlinear noncompact ensemble, the compact ensemble, the group ensemble, the 
algebra ensemble, the pseudo-group ensemble, and the pseudo-algebra ensemble. 

We should point out that though the proof of Formula l|l.l|) is not difficult, it 
provides a direct and unified way to compute the joint density functions for various 
kinds of random matrix ensembles. In this paper we will show that all the classical 
ensembles are particular cases of the generalized ensemble, and the corresponding 
density functions can be derived directly from (|1.1|) . The density functions for some 
new examples of the generalized ensemble can also derived form (|1.1|) explicitly. 

According to the classification scheme of the generalized ensembles which was 
given in |2] , we will present various kinds of concrete examples of generalized ensem- 
ble, and derive their joint density functions explicitly. The associated integration 
formulae will also be given. In §2 we will consider the linear ensemble, and present 
examples associated with GL(n, K), 0(m, n)o, U(m, n), and Sp(m,n). Particular 
cases associated with GL(n,K) is the Gaussian ensemble, and particular cases as- 
sociated with 0(m, n)o, U (m, n), and Sp(m, n) are the chiral ensembles (which are 
also called Laguerre ensembles). The four classes of the BdG ensemble and the 
two classes of the p-w&ve ensemble are also particular cases of the linear ensemble. 
The associated integration formula is just the integration formula for the Car- 
tan decomposition of reductive Lie algebra in [B]. In §3 examples associated with 
Gi(n, K), 0(m, n)o, U(m, n), and Sp(m,n) of the nonlinear noncompact ensemble 
will be presented. Particular cases associated with GL(n, K) are the so-called new 
transfer matrix ensembles. The three cases of the transfer matrix ensemble are also 
particular cases of the nonlinear noncompact ensemble. The associated integration 
formula is a variation form of the integration formula for Riemannian symmetric 
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space of noncompact type in jH] • In §4 we present examples of the compact ensem- 
ble associated with G* = GL(n,K) and G = SO(m + n),U(m + n),Sp(m + n). 
Particular case associated with GL(n, K) is the circular ensemble, and particular 
cases associated with SO(m + n), U(m + n), and Sp(m + n) are Jacobi ensembles. 
The associated integration formula is a variation form of the integration formula 
for Riemannian symmetric space of compact type in §5 and §6 will be devoted 
to various examples of the group ensemble and the algebra ensemble. Examples as- 
sociated with U(n),SO(2n + 1), Sp(n), SO{2n), SL(n, C), Sp(n, C), SO(2n, C), and 
SO(2n + 1, C) will be presented. We note that in some literatures, the group Sp(n) 
is denoted by USp(2n). Here we follow the notation in Knapp jjj. The associated 
integration formulae will be the Weyl integration formula for compact groups and 
the Harish-Chandra's integration formula for complex semisimple Lie groups, as 
well as their Lie algebra version. In §7 we will consider the pseudo-group ensemble 
and the pseudo-algebra ensemble, presenting examples associated with SL(2,M.) 
and GL(n,M). As a corollary of the associated integration formula, we will recover 
Harish-Chandra's integration formula for real reductive group and its Lie algebra 
version. 

2. Linear ensembles 

In this section we consider the linear ensemble. Let G be a real reductive Lie 
group with Lie algebra g. Then G admits a global Cartan involution 0, which 
induces a Cartan involution 9 of g with the associated Cartan decomposition g = 
6 © p. Let K = {g E G : 0(g) — g}, which is a maximal compact subgroup of G 
with Lie algebra t. Let a be a maximal abelian subspace of p, and let A = exp(a) 
be the connected subgroup of G with Lie algebra a. Then p = U feeA - Afc(a), P — 
UkeK (J k(A). Let M = {k e K : A fc (r?) = 77, Vr? G a} = {k G K : a k (a) = a, Va £ 
A}, m = {£ £ t : [£,77] = 0, VV7 6 a}, then M is a closed subgroup of K with Lie 
algebra m. Let E be the restricted root system associated with a with the Weyl 
group W — W(S). For A G S, let Q\ be the corresponding root space. We choose a 
notion of positivity in E and denote by E + the set of positive restricted roots. There 
is a nondegenerate symmetric bilinear form B on q which is invariant under and 
Ad (5) for all g G G, and satisfies that i and p are orthogonal under B, B\t is negative 
definite, and B\ p is positive definite. So (£, 77) = —B(£, 9rj) defines an inner product 
on q. We write b = cr 1 in p and [ = trr 1 in 6, then bffil = © AeS 0a- For each A G E + 
we choose an orthogonal basis {7a, 1, ■ • ■ ,7a, Px\ 01 0a such that |7aj| = 2 ' w h ere 
fix = dim0 A . For each 7 Aj -, denotes £aj = 7a j + #7A,i> Cx,j = 7a j - #7A,j, then 
= ICajI = 1, and we have 0£ Xjj = €\,j,0(\,j = ~Cx,j- So £aj G tn0 AeS A = 
[, (x,j G pn0 AeS A = b. But the set '■ ^ € E+, j = 1, • • • ,/3 A } is linearly 

independent, so 

: AeE+,j = l,.-. ,/3 A }c t 
is an orthonormal basis for I, and 

{Ca j :AgE+ j = l, •••,&}(= b 

is an orthonormal basis for b. And then we have dim [ = dimb = X^Aes+ Let 
P = exp(p), which is a closed submanifold of G satisfies T e P — p. In fact, P is the 
identity component of the set {g G G : <d(g) = g^ 1 } (see pP). The exponential map 
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exp : p — > P is a diffeomorphism, so we can define its inverse map log : P — > p. We 
also have the global Cartan decomposition G = K x P. It is known that p is an 
invariant subspace of the adjoint action Ad|x, and P is also invariant under the 
conjugate action of if. We denote = Ad(fc)| p and <Jk(p) = kpk^ 1 for k G if and 
p G P. 

In this section we consider the action A& of if on p. The inner product (•, •) 
induces a linear Ricmannian structure on p, which is if -invariant under the action 
Afc. So it induces a if -invariant Ricmannian measure dX, which is just the Lebesgue 
measure on p. Let f>(£) be a if -invariant positive smooth function on p, then 
p(£)dX(£) is a if- invariant smooth measure. The Riemannian structure on p also 
induces a Riemannian measure dY on a, which is also the Lebesgue measure. Define 
the map ip : K/M x a — > p by <p([k], rf) = Afc (77). It is easy to prove that Adj^ (I) C i, 
so under the natural identification (d7r) e |[ : I — > T[ e ](K/M), the Ad -invariant 
inner product (-,-)|[ on [ induces a if -invariant Riemannian structure on K/M, 
and then induces a if-invariant smooth measure dfi on K/M. These are sufficient 
for us to form a concrete example of the generalized random matrix ensemble with 
integration manifold p and eigenvalue manifold a. 

Theorem 2.1. The system (if, A,p,p(£)cLY(£), a,dY) is a generalized random ma- 
trix ensemble. Its generalized joint density function V{rj) = p(rj)J(r]) is given by 

(2.1) j(n)= n \mf x - 



Proof. For 77 G a, we consider the map ^ : [ — > T v O v defined by ^n(0 
ft I t=0 ^ex P t$(v)- We have 



t=0 



So for 7] G a \ (Uage+ kerA), ^ is an isomorphism, hence T v O ri = 7m( 1 S 7) ) = b. 
Let p z = ip(K/M, Uags+ kerA), then p z and o z = p z fl a = Uass+ kerA are lower- 
dimensional sets in p and a, respectively (in the sense of Section 8.1), thus they 
have measures zero in the corresponding spaces. 

Now we check the conditions (a), (b), (c), and (d). Let p' = p \ p z and a' = 
a fl p' = a \ (Uags+ kerA). We have shown the condition (a) holds. For 77 G a', by 
the definition of the Riemannian structure on p, T n p = p = a ffi b = T v a © T^O^ 
orthogonally, so the conditions (b) and (d) hold. For rj G a', suppose the isotropic 
subgroup associated with 77 is K v , then 

dim K n = dim K — dim O n 
= dim K — dim b 
= dim K — dim [ 
= dim M. 



So the condition (c) also holds. This proves the system (if, A,p,p(£)dX(£), a, dY) 
is a generalized random matrix ensemble. 
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We have seen above that &n(£\,j) = ~^{ r l){C>>j) f° r each A e £+ and j = 
1, • • ■ , P\. By Formula 

iw=c n \^)f\ 

AeE+ 

where C = | det((d7r) e | r) | — 1 ■ But (<i7r) e |[ is isometric, so C = 1. This complete the 
proof of the theorem. □ 

From Theorem 12.11 we know that the generalized eigenvalue distribution dv is 
given by 

(2.2) du{i 1 )=p{n) J] \X(r])\^dY(ri). 

A6E + 

The generalized random matrix ensemble in Theorem l2.1l is called linear ensemble. 

Corollary 2.2. Let f G C°°(p) satisfies f > or / e i 1 (p,p(^)dX(^)). Tften we 
have the following integration formula 

(2.3) / f(0p(0dX(0 = J- / I / /. A,- . „)),//,! [A- ) j ,/h ,/). 



p |W| Ja \JK/M J 

where \W\ is order of the Weyl group W . 

Proof. By Formula l|1.2l) . it is sufficient to show that the covering condition (c) 
holds, and the covering sheet is \W\. For each r\ 6 a', suppose Afc(ry) = Ad(fc)r; = 7? 
for some k E K . Since Ad(fc) is an automorphism of g, Ad(fc) must fix Z a {rj) = go- 
but p is also fixed by Ad(fc), so Ad(fc) fix go H p = a, that is fc is in the normalizer 
Nk(o) = {k £ K : Ad(fc)(a) = a} of a. But it is known that the analytic Weyl 
group W{G,A) = N K (a)/M is coincides with W(E) (see [8], Proposition 7.32), so 
the action Ad(fc) on a coincides with some w <E W. But r\ is a regular element 
and w(rf) — r), this force that w = 1, that is k G Zk(o) = M. This proves that 
for each 77 G Y', the isotropic subgroup if,, = M. Next, also by the relation 
W(G, A) = W(E), it follows that for each r\ G a', O v n Y' has |W| points. By 
Corollary 3.6 in [2], v 5 : K/M x Y' — > X' is a |VY| -sheeted covering map. This 
proves the corollary. □ 

Remark 2.1. Formula 1)2. 3[) has appeared in Helgason [H] (Chapter 1, Theorem 
5.17). Here we recover it from the viewpoint of generalized random matrices. 

Example 2.1. Let G = GL(n, K), where IK is R, C, or H. Then G is real reductive, 
when we view GL(n, C) and GL(n, H) as real Lie groups. The Cartan involution of 
the Lie algebra g = g[(n, K) can be chosen as = — £*, where the symbol "£*" 
means the transpose of £ when K = R, and the conjugate transpose when IK = C 
or H. The corresponding Cartan decomposition is t = {£ G fll(n,K) : £* = — £}, 
P = {£ S 0[(n,K) : C = £}. The space a = {i] = diag(2;i, • • ■ ,x n ) : x k e M.} 
is a maximal abelian subspace of p in each of the three cases. The corresponding 
global Cartan involution of GL(n,K) is 6(g) = (g*) -1 , and the maximal compact 
subgroup K = {g E G : 0(g) = g} is 0(n), U(n), or Sp{n) when K is K, C, or H, 
respectively. Let e r £ a* denotes e r (diag(iri, • • • , x n )) — x r for each 1 < r < ra, 
then one can choose the positive restricted root system as S + = {e r — e s : 1 < 
r < s < n}, and /3 er -e s = dimg e ,.-e s = 0, where /3 = 1,2, or 4 when K is R, C, 
or H, respectively. Let be a if- invariant positive smooth function on p. Then 



6 



by Theorem 12.11 the density function V(rj) = p(rj)J{r)) for the linear ensemble 
(K, A,p,p(£)dX"(£), a, dY) is determined by 

(2.4) J( V ) = \x r -x s f. 

l<r<s<n 

If the function p(£) is of the particular formp(£) = exp(— atr£ 2 + fotr£ + c) such that 
p{£,)dX(£) is a probability measure, the linear ensemble (K, A, p,p(^)dX(£_), a 7 dY) 
is just the Gaussian orthogonal, unitary, and symplectic ensembles. Thus we re- 
cover the joint density functions for the three cases of Gaussian ensemble from the 
viewpoint of generalized random matrix ensemble. □ 

Example 2.2. Let G = O(m,n)o, U(m,n), or Sp(m,n), which are all real reduc- 
tive. These groups are defined to be the connected component of 

{g € GL(m + n, K) : g* I m , n g = I,n,n}, 

where K = 1,C or H, respectively, where I m ,n — (*<j _j ) • Without loss of 
generality, we may assume m > n. The Lie algebras o(to, n), u(to, n), and sp(m, n) 
of the three groups are 

9 ={£ e 0t(m + n,K) : C I m ,n + I m , n £ = 0} 

= {(£ £):A + A* = 0,Z? + D*=o}. 

The Cartan involution of g can be chosen as = — £*, and the corresponding 

Cartan decompositions is { = j ^ ^ | , p = j ^» j . Let £" rs denotes the 

(to + n)-by-(m + n) matrix with 1 at the (r, s)-th entry and elsewhere. Then one 
can easily checked the space 

(2.5) a = 1 77 = ^2 x k(E m -k+i,m+k + E m+k ,m-k+i) '■ x k € k! 

is a maximal abelian subspace of p in each of the three cases. The corresponding 
global Cartan involution is 0(g) — (<?*) , and the maximal compact subgroup K = 
{g 6 G : Q{g) = g} = S(0(m) x 0(n)) (which means the subgroup of 0(m) x 0(n) 
consists of elements with determinant 1), U(m) x U(n), or Sp(m) x Sp(n) when 
G = O(m,n)o, U(m,n), or Sp(m,n), respectively. Let e r e a* denotes e r (ij) = x r 
for each 1 < r < n, then one can choose the positive restricted root system as 

(2.6) E+ = {e r ± e s : 1 < r < s < n} U {e r , 2e r : 1 < r < n}, 

and it can be shown that /3 er ±e s = /?, /3 er = /3(to — n), and /3 er = /3 — 1, where 
/3 = 1, 2, or 4 when G = 0(m, n.)o, C/(m, n), or Sp(m, n) (if /3x = for some A € S + , 
the root A should be omitted). By Theorem 12.11 we can compute the factor J(rj) 
as 

n 

(2.7) J(g) = 2 (0 - 1)n \x 2 r - x 2 s f W^rf^'"^- 1 . 

l<r<s<n r— 1 

Let be a if -invariant positive smooth function on p, then the density function 
Virj) =p(r])J(T)) for the three cases of the linear ensemble (K,A,p,p(£)dX(£),a,dY) 
is determined by Formula (|2.7() . If the function is chosen of the particular 
form p(£) — exp(— atr(££*)) such that p(£)dX(£) is a probability measure, the lin- 
ear ensemble (K, A, p,p(£)dX(£), a, dY) is just the chiral orthogonal, unitary, and 
symplectic ensembles (see [3]). □ 



7 



The four classes of the BdG ensemble and the two classes of the p-wave ensemble 
are also particular cases of the linear ensemble. For the lack of space, we only 
point out what the corresponding groups G and K are. The reader can easily 
obtain the other objects and derive their joint density functions from Theorem 
|2~T1 For the BdG ensembles, G = SO(4n,C),Sp(n,C),SO*(4n), and Sp(n,R), 
the corresponding K = SO(4ri), Sp(n),U(2ri), and U(n), respectively. For the 
p-wave ensembles, G = SO(2n + 1,C) and SO* (An + 2), the the corresponding 
K = SO(2n + 1) and U(2n + 1). 

3. Nonlinear noncompact ensembles 



In some sense, the nonlinear noncompact ensemble is the nonlinear version of the 
linear ensemble. But something will be different. Let G be a reductive Lie group, 
and keep the notations at the beginning of §2. Recall that the group K acts on 
P by crfe(p) = kpk^ 1 . The inner product (•, •} induces a G-left invariant and K-bi- 
invariant Riemannian structure on G, and then induces Riemannian structures on 
P and A as well as the Riemannian measures dx and da on P and A, respectively. 
Since the induced Riemannian structure on P is if -invariant, the measure dx on P 
is also i^-invariant. As in the previous section, the inner product — B\i induces a K- 
invariant Riemannian structure on K/M , then induces a if -invariant Riemannian 
measure dn. Let p(x) be a if -invariant positive smooth function on P. Define the 
map f : K/M x A — > P by a) = <7fc(a). Then we can construct the nonlinear 

noncompact ensemble with integration manifold P and eigenvalue manifold A as 
follows. 

Theorem 3.1. Let the objects be as above. Then the system (K, a, P,p(x)dx, A, da) 
is a generalized random matrix ensemble. Its generalized joint density function 
V(a) = p(a)J(a) is given by 

(3.1) J(a) = 2 dimI Y[ Msinh^lVcoshAfa) 

where r\ = log a. 

Proof. For a <E A, consider the map * a : [ -> T a O ai * a (f) = ;|| t=0 CToxptf (a). Then 
we have 

at lt=o 

at lt=o 

=(dZ a )(Ad(a- 1 )^, J -^ lJ ) 

=(dZ a )( e - A W 7Ai3 . + e A W^-^) 
=(dle)((-BinhA(ij))C^ + (coshA(77) - i)t XJ ). 




s 



Since dl a is isometric, 

\*a{tx,j)\ =|(-sinhA(7 ? ))a J + (coshAW - l)£ AiJ | 
= ^/sinh 2 Mrf) + (coshA(?7) - l) 2 

Kv) 



=2 



sinh ■ 



\J cosh A(r?). 



So if A(?7) 7^ 0, that is a exp(ker A), then |\l/ a (CA,j)l 0- Let A z = 1Jass+ exp(ker A), 
then for a G A' = A\A Z , fy a is an isomorphism. Let P z = (p(K/M,A z ) and 
P' = P\P Z . Then yl z and P z are lower-dimensional sets in A and P, respec- 
tively, and it is obvious that condition (a) holds. By the computation above, 
* (£ A)i )i_T A, so Jm(* ) = T a O a ±T a A But for a € A' dimT a A + dim T o a = 
dim a + dim [ = dim p = dim T a P, so T a P = T a A © T a O a orthogonally. This means 
conditions (b) and (d) hold. Similar to the proof of Theorem 12.11 the dimension 
condition (c) also holds. This proves that the system (K,a,P,p(x)dx,A,da) is a 
generalized random matrix ensemble. Since |det((d7r) e |[)| = 1, by Formula l(T"TJ) . 
we have 

J(a) =jdet* a | 

= n n i*-kaj)i 



A6E+ J=l 

=2 diml J] 



sinh 



\/cosh\(jf) 



/3a 



□ 



The above theorem tells us that the generalized eigenvalue distribution dv is 
given by 



(3.2) 



du(a) = 2 dim[ p(a) ]J 

AGE+ 



sinh 



A(»?) 



V cosh A (77) 



/3a 



da, 



where 77 = log a. 



Corollary 3.2. Let f S C°°(P) satisfies f > or f e L 1 {P 1 p(x)dx). Then we 
have the following integration formula 



(3.3) 



^ f(x)p(x)dx = ^ y J^^ f(a k (a))d^([k]) ) dv{a). 



Proof. Similar to the proof of Corollary 12.21 it is sufficient to check the covering 
condition (e) hold with covering sheet \W\. But we notice that exp | p : p — > P is a 
diffeomorphism, and exp | p (p z ) = P z , exp \ p (p') — P' . So the proof reduces to that 
of Corollary O □ 



Note that the space G/K is a Riemannian symmetric space of noncompact type, 
and the map <j> : G/K — > P defined by </>([<?]) = gQ(g)^ 1 is a diffeomorphism 
(see So Corollary 13 . 21 can be viewed as an integration formula for symmetric 
space of noncompact type. Now we make it precisely. Under the identification 
p = T[ e ](G/if), the inner product B\ p induces a G-invariant Riemannian structure 
on G/K, and then induces a G-invariant measure d\i\ on G/K. Then we have 
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Corollary 3.3. Let / G C°°(G/K) satisfies f > or f G L 1 (G / K , d/ii) . Tften 
(3.4) ^ /(fo])<Mk]) = jT /([fca])W])J S(a)da, 

where 

5(a) = FJ sinh A(t 7 )|' 3a , 

AGE+ 

here rj — log a. 

Proof. First we compute the expression | det(<i(/>)[ a ] for a e A. Choose an orthonor- 
mal basis 771, ■ • ■ , rydim a of a. Then the set 

{fljae^] : 1 < , < d im a} U {j t \ t J^] ■ A £ E + , 1 < j < /3a j 

is an orthonormal basis of Tt a ](G/K). It is easy to show that 

(#)[«] (ilj aetCX ' J] ) = « 2 )2(e- A( " ) 7A, J 
where 77 = log a. Then 

dim a 0\ 

idet(#) w i=n \2 Vj \ n ni 2 ( e ~ A< ^- eAW ^)i 

3=1 AGS+ 2=1 

=2 dimp fj (Vcosh2A(r 7 )) ,3 \ 

Ae£ + 

To fulfill the proof of the corollary, we define some auxiliary maps. Let ip : K/M x 
A -> P be t/)([Jfe],o) = fca 2 fc-\ p : x A -> G/-K" be p([fe],a) = [fca], and 

sg : A — > A be sg(a) = a 2 . Then one can easily check that ip = (f>o p ~ ipo (id x sq), 
form which we can easily get 

p*(dni) =|det(#) [a] |- 1 2 dima J(a 2 )d/xda 
= FJ |sinh A(7 7 )| /3a d/ida. 

AGS+ 

Since p = 0(^0 (id x sg) is a \ W\ sheeted covering map, by Proposition 3.1 in 

[2], we get the desired integration formula l|3.4fl . □ 

Remark 3.1. Formula (|3.4() has appeared in Helgason [H] (Chapter 1, Theorem 5.8). 

The following two examples are nonlinear versions of Example 12 . 1 1 and 12 . 21 in the 
previous section. 

Example 3.1. Let G = GL(n, K), where K is R, C, or H. Then G is real re- 
ductive. We choose the Cartan involution of g = g{(n,K) as #(£) = — £*, then 
the corresponding global Cartan involution of GL(n,~K) is Q(g) = (g*) -1 (see 
Example 12.1(1 . Recall that The corresponding Cartan decomposition of gl(n,K) 
is t = {£ G flt(n,K) : f = -£}, p = {£ G flt(n,K) : T = £}• Th e space 
o = {rj = diag(xi, • ■ • ,x n ) : Xk G R} is a maximal abelian subspace of p for each of 
the three cases, and the subgroup A = exp(a) = {a = diag(ai, • • ■ , a n ) : a& > 0}. 
For K = K, the maximal compact subgroup K = {g G GL(n,U.) : (<?') _1 = g} 
is 0(n). The closed submanifold P = exp(p), which is the identity component of 
{g G GL(n, M) : g* = is the set of all real symmetric positive-definite matrices. 
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For K = C, the maximal compact subgroup K — {g £ GL(n,C) : (g*)^ 1 — g} is 
U(n). Now the closed submanifold P is the set of all complex Hermitian positive- 
definite matrices. For the case that K = H, the maximal compact subgroup 
K = {g € GL(n, H) : (g*)^ 1 — g} is Sp(n). Now the closed submanifold P, which is 
the identity component of {<? 6 GL(n,M) : g* — g}, is the set of all quaternion self- 
adjoint positive-definite matrices. Recall that we can choose the positive restricted 
root system as S + = {e r — e s : 1 < r < s < n} for each case, and /3 er -e a = 0, 
where = 1,2, or 4 when K = R,C, or H. For a — diag(ai,-- - ,a n ) E A, let 
r] = loga = diag(xi, • • ■ , x n ) G a, where Xk = logo*. Then by Theorem l3.ll 

(3.5) J (a) =2 m ^ \\ Isinh — ~ - f (coshfav - x s ))% 



1 < r < s < n 



| j |a r - a s | d (a r 2 + a s 



1 <r <s<n 



Let be a if -invariant positive smooth function on P, then the density function 
P{a) — p(a)J(a) for the nonlinear noncompact ensemble (K, a, P, p(x)dx. A, da) is 
determined by Formula (|3.5|1 . For some particular choice of p(x), these kinds of 
ensembles are called the new transfer matrix ensembles in 0. But their density 
functions were not derived there. □ 

Example 3.2. Let G = 0(m 7 n) , U(m 7 n), or Sp(m 7 n). Without loss of generality, 
we assume m > n. The Lie algebra for each of the three groups has been given in 
Example l2.2l We choose the Cartan involution of the Lie algebra as = — £* with 
the corresponding global Cartan involution of the group as 0(g) — (g*)^ 1 . Then 

the corresponding Cartan decomposition is 6 = j X , p = j ( g, j , and 

the corresponding maximal compact subgroup K = S(0(m) x 0(n)), U(m) x U(n), 
or Sp(m) x Sp(n), respectively. It is easy to show that the subgroup A = exp(o) 
corresponding to the maximal abelian subspace (|2.5() of p is 



n 

A =| a — ^2 0,k{E m -h+l,m-h+l + E m +] .,, ; / i 

k = l 



+ ±y a\ — i(E m ~k + l,m+k + -Em+fc,m-fc + l) : flfc > ll. 

fc = l 

In fact, under the exponential map exp : a — > A, = cosh 2^. The closed 
submanifold P = exp(p) is the identity component of the set {g £ G : g* = g} for 
each case. Recall that we can choose the positive restricted root system as (|2.6ll . 
and we have 0e r ±e s = P, Pe r = 0{m — n), (3 er = — 1 , where = 1, 2, or 4 when 
G = O(m,n)o, U(m,n), or Sp(m,n). By Theorem 13. II the factor J(a) is given by 



J(a) =2 n( - l3m 1 ' Y\ jsinh Xr Xa sinh Xr — | (cosh(x r + x s ) cosh(x r — x s )) 2 

1 < T < s < n 



n| X r \@( m ~ n ) 0(m — n) q ^ /3 — 1 

sinh (cosha; r ) 5 |sinhs r | (cosh2:r r ) 2 



(3.6) =2 2 Tj |a r -a s nar + as-l) 7 

1 <r <s<n 

f[ ((a 2 r - l)(2al - l))^(ar(ar - 1))^^. 
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Let p(x) be a JT-invariant positive smooth function on P, then the density function 
■p(o) = p{a)J{a) for the nonlinear noncompact ensemble (K,a,P,p(x)dx,A 1 da) is 
given by This may be viewed as nonlinear noncompact orthogonal, unitary, 

and symplectic ensembles with parameter (to, n). □ 

The three classes of the transfer matrix ensemble are also particular cases of the 
nonlinear noncompact ensemble. The corresponding group G = Sp(n, R), U(n,n), 
and SO* (An), and the corresponding if = U(n),U(n) x C7(n), and U(2n). The 
reader can easily obtain the other objects and derive their joint density functions 
from Theorem l3.ll 

4. Compact ensembles 

Consider a connected compact Lie group G with Lie algebra g. Suppose is a 
global involutive automorphism of G with the induced involution = d® of g. Let 
K = {g G G : Q(g) = g}, and let { and p be the eigenspaces of 9 with eigenvalue 1 
and -1, respectively. Then g = i © p, and we have [t,t] C 6, [6, p] C p, [p,p] C 6. 
Let P = exp(p), then P is invariant under the conjugate action of K. It was 
proved in \Q that P is a closed submanifold of G satisfies T e P = p, which is just 
the identity component of the set {g G G : 0(<?) = g" 1 }, and we have G = KP. 
Let Gc be the complexification of G with Lie algebra gc, then the real Lie algebra 
g* = 6 ffi p* is a real form of gc, where p* = ip. Let G* be the subgroup of Gc 
with Lie algebra g* such that GnG» = K, then G* is reductive, and the direct 
sum g* = { © p* is just the Cartan decomposition of g*. Note that given G*, 
we can recover the groups Gc and G, since Gc is a (connected) complexification 
of G*, and G is a maximal compact group of Gc- Let a be a maximal abelian 
subspace of p, A be the connected subgroup with Lie algebra o, which is a torus of 
G. Since K is a maximal compact subgroup of G* with Lie algebra 6 and ia is a 
maximal abelian subspace of ip, we have ip = \J keK Ad(fc)ia. So p = \J keK Ad(fc)a, 
and then P = [J kGK kAk -1 . We denote a k {p) = kpk" 1 for k G K and p G P. 
Let M = {fc G if : o>(a) = a,Va G A}. Then M is a closed subgroup of K 
with lie algebra m = {£ £ t : [£,77] = 0, VVy G a}. The Lie algebra g* = t ffi ip 
has the restricted root space decomposition g* = (g*)o ffi 0a es (s*)a», where 
S* C ia* is the restricted root system of g*. Define A = iA* and E = i£*, then 
S = {A : A* G S*} C a*. Let S + C E be the set of positive restricted roots. 
As in §2, we can write 6 = m ffi [ and p = a ffi b orthogonally. We also choose an 
orthogonal basis {7a, 1, • • ■ ,7a,/3 a } of (b*)a» for each A G E + with |7aj | = and 
let = 7a j- + 07A, j, Ca,j = i(7Aj - #7aj)- Then 

!i"A.„ : A >: ..y 1- • • • • h) I 
is an orthonormal basis for I, and 

{Caj :AeE+i = l,-" ,0x] Cb 

is an orthonormal basis for b. And we have dim! = dimb = X)ass+ ^a- Let 
be a maximal abelian subalgebra of m, then t = a ffi is a maximal abelian 
subalgebra of g. Let T be the maximal tours with Lie algebra t, and let Act* 
be the corresponding root system. Then E = {a| a : a G A, a|„ 7^ 0}. Hence 
for each A G E, there exists a character ^a of A satisfies "D\{e v ) = e tA ^,Vr; G a. 
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Furthermore, we have t© |~| © Q | a=0 0m J — a0m, where Qi a is the corresponding 
root space in gc (see [8], Formula (6.48c)). 

Remark 4.1. The global involution 8 exists if and only if G/K can be endowed 
with a Riemannian structure such that it is a Riemannian symmetric space. 

Now we consider the action of K on P by (Jk(p) = kpk~ x . The nondegenerate 
bilinear form on induces a bi-invariant Riemannian structure on G, such 
that the linear subspaces a, m, R£aj, RCaj of g are mutually orthogonal. Similar 
to the previous section, it induces the Riemannian measures dx and da on P and 
A, and dx is if -invariant. Since P is compact, we can normalize the Riemannian 
structure on G such that dx is a probability measure. Choose a if-invariant positive 
smooth function p(x) on P. As before, the inner product — | [ induce a i-T-invariant 
Riemannian structure and a if-invariant Riemannian measure dfi on K/M . Similar 
to the previous section, we define the map ip : K/M x A — > P by y([fc], a) = Ofc(a). 
Then we can construct the compact ensemble with integration manifold P and 
eigenvalue manifold A as follows. 

Theorem 4.1. Let £/ie objects be as above. Then the system (K, a, P,p{x)dx, A, da) 
is a generalized random matrix ensemble. Its generalized joint density function 
V(a) = p(a)J(a) is given by 

(4.1) J(a) = 2 dim ' 

A££+ 

where n £ a such that e' 1 = a. 
Proof. Similar to the proof of Theorem l3.ll for a £ A, we have 

dt \t=o 

=(dl a )-\ e * Ad (°~ 1 )^,ie- t ^.J 
dt\t=o 

=(dl a ) (AdCa- 1 )^ 

=(#.) (e-^&j - 6^) 

=(*.) (e-^f^Aj+^W^j-aj) 

=(#.) (e a ("' 7A j +e- lA( " ) 97A, J -5a,,) 

=(<M a )( sin A(77)Ca,j + (cosA(r?) - l)6i,i)- 

So 

l*<.(&,i)l =|sinA( J? )C Aj + (cosAfr) - 

= y / ' sin 2 A(??) + (cos A(r;) - l) 2 

=2 sin . 

2 

Let A' = {a e i : i? A (a) ^ 1,VA £ E}. For a = £ A', e iA ^ = ^(e 7 *) ^ 1. 
This implies A(r?) 7^ 2/c7r, and hence \^ a (£,\.j)\ 7^ 0. This means that for a £ A', 
* a is an isomorphism. Let A z = A\A' , P z = ip(K/M,A z ), and P' = P\P Z . Then 
similar to the proof of Theorem 13. II one can easily check that the conditions (a), 
(b), (c), and (d) hold. So the system (K,a,P,dx,A,da) is a generalized random 
matrix ensemble. And then 

J(a) = 2 dim ' H 

Aes+ 



AW 
2 



2 
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□ 

By the above theorem, the generalized eigenvalue distribution dv is given by 

da. 



sin — — 

2 



(4.2) dv(a) =2 dim, p(a) 

A6E + 

where r\ G a satisfies = a. Formula 1)4. 2|) has been obtained, when p = 1 and 
omitting the constant 2 dlm 1 , by Duehez ^ using an integration formula associated 
with the KAK decomposition of compact groups. Here we recover it from Formula 
directly. 

Corollary 4.2. Let f G G°°(P) satisfies f > or f G L 1 (P,p(x)dx). Then we 
have the following integration formula 

(4.3) f{x)p{x)dx =^J a (J k/m f(<Th(a))dn([k]) j cMo), 
where W is the Weyl group of the restricted root system X. 

Proof. We will prove that for each n £ i', the isotropic subgroup K a — M and 
\O a H A'| = Then by Corollary 3.6 in 0, the covering condition (e) holds 

and the covering sheet is \W\. By Formula 1)1. 2JI . we get the desired integration 
formulae. 

Now we prove K a = M for s e A'. First we consider the group Zc(a). It 
is obvious that MA C Zq{o). If £ 6 g lies in the Lie algebra of Zc(a), then 

Ado(£) = £, that is, £ G t © (flfl 0^(^=1 Bi«J- But by the definition of A', 
a\ a implies i? a (a) ^ 1, so in fact 0^ a ( a ) =1 flic = 0a,| a= o0ia- Hence £ 6 
(9 Pi Q | a =o flia) = affitn. This implies that the Lie algebra of Z G (a) is affim. 
We claim that Zq{o) is connected. In fact, let g G Zq{cl), then the closed subgroup 
generated by a and <? is a closed abelian subgroup of G, hence has a generator 
h. Let Tj be a maximal torus of G containing h, then a,g G Jf. This implies 
<? € Ti C Zg{cl), thus there is a continuous path in Ti C Zg{o) connecting g and 
e. In a word, Za{a) is the connected subgroup of G with Lie algebra a © m. But 
MA C Za(a), so in fact Zq{o) = MA. (This also shows MA is connected.) Hence 
K a = Z K (a) = Z G (a) C\ K = MA C\ K = M . Here the equality MAC\K = M can 
be shown by an easy argument. Next we show that |O a nA'| = \W\ for each a G A'. 
By the definition of A', Z p {a) := {£ G p : Ad a (£) = £} = a, Va G A'. If some k € K 
such that (Tfc(a) = kak' 1 G A', then Adfc(a) = Adfc(Z p (a)) = Z p (crfc(a)) = a, that 
is, k G N K (a). Hence |O a n A'\ = [N K (a) : Z K (a)] = [N K (a) : M] = This 
complete the proof of the corollary. □ 

As we have pointed out in Ii.emark l4.il the space G/K is a Riemannian symmet- 
ric space of compact type. The map <j> : G/K — > P defined by 4>([g}) = 56(g)" 1 is a 
diffcomorphism (see pQ). So similar to Corollary 13. 31 we can derive an integration 
formula for symmetric space of compact type. Let r = A n K, which is a finite 
group. We define the G-invariant measure d/ii on G/K as in Corollary 13. 31 

Corollary 4.3. Under the above conditions, we have 

(4.4) j^^ f{[g\)d^{\g\) = jf ^jf^ /(M)W])J <H a ) da > 
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where 

5(a) = [] \^Hv)f\ 

AeS+ 

here rj G a is chosen such that e' 1 = a. 

Proof. If we define the twisted conjugate action of G on P by T g (p) = gpQ(g)~ 1 
(note that Tk = a k for k 6 K), then it is easy to show that the measure dx is 
G-invariant, and (</> -1 )*(d/ii) = 2~ dlmp dx. As in CorollaryED we define the maps 
ip : K/M x A -> P by ^Qfc],a) = fe^fc" 1 , p : iif/M G/if by p([fc],a) = [jfco], 

and sq : A — ► v4 by sg(a) = a 2 . We also have ip = <f>o p = tp o (id X sq), form which 
one can easily get 

p*(dm)= JJ |sinA(?7)| /3A ^da. 
Aes+ 

Since T = ker(sg), p = o ip o (id x sq) is a |r||IF|-sheeted covering map. By 

Proposition 3.1 in |2j, the desired integration formula 13.4(1 is proved. □ 

Remark 4.2. Formula 1(4. 4J) has appeared in Helgason [H] (Chapter 1, Theorem 
5.10). 

Example 4.1. Let G* = GL(n, K), where K = R, C, or H. We recover G c and G 
below, and see what the corresponding compact ensemble is. 

First consider the case G* = GL(n, R). Its Lie algebra g* = g[(n, R). (G*)c = 
GL(n, C) is a connected complexification of GL(n, R), and G = t/(n) is a maximal 
compact subgroup of Gc- Now t = g n g* = u(n) (~l g[(n, R) = so(n), and if = 
GflG* =U (n)P\GL(n, R) = 0(n). In the associated Cartan decomposition of g* = 
«©p*, the space p* = {£ G fll(n,R) : f* = £}, so p = ip* = {i£ : £ G fl[(n,K),f = £}, 
and g = 6©p. In fact, the global involution 0(g) — (g 1 )^ 1 of G = is compatible 
with the above scheme. One can prove that the set {g G U(n) : 0(g) = <? -1 } of 
symmetric unitary matrices is connected, so we have P = exp(p) = {g G U(n) : 
g — g}, that is, the set of n-by-n symmetric unitary matrices. The group K = 0(n) 
acts on P by o~k(p) = kpk^ 1 . The space a = {rj = diag(MGj. , • • • ,ix n ) : Xk G R} 
is a maximal abelian subspace of p, and the corresponding eigenvalue manifold 
A = cxp(a) = {a = diag(ai, • • • ,a„) : a k = e lXk }. 

Next we let G* = GL(n,C). Since g* = gl(n, C) has a complex structure itself, 
gc — gl(n, C) © gl(n, C) as complex Lie algebras (see Theorem 6.94 in 0). So 
GL(n, C) x GL(n, C) is a complexification of GL(n, C), if we identify G* = GL(n, C) 
with the subgroup G'„ = {(g,g) : g G GL(n, C)} of GL(n, C) x GL(n, C). The group 
G = C/(n) x J7(n) is a maximal compact subgroup of Gc- Now K = G D G' t = 
(U(n) x U(n)) n_{(g,g) : g G GL(n,C)} = {(g,g) : g G U(n)} S tf(n), and 
t = n g'„ = {(CO : £ £ u(n)} = u(n). So in the associated Cartan decomposition 
of g* = «©p*, the space p* {(£,£) : £ = £*}, so p = ip* S {(£,£*) : £ G u(n)}, and 
g = tffip. Hence P = exp(p) = {(p,p*) : p G J7(n)}, which is differmorphic to U(n). 
In fact, the global involution 0(g±, g^) = (<?2>Si) of G = f7(n) x U(n) is compatible 
with the above scheme. The group K = {(g,g~) ■ g G U(n)} acts on P = {(p,p*) : 
p G E/(n)} by cr fc (p) = kpk' 1 , that is, <r(g,g) (p, p*) = (gpg~ x ,gp l g l ) ■ So under the 
identification of G* with G^, K = P = U(n), and the action cr is just the conjugate 
action of U(n). The space a = {(diag(ixi, • • ■ , ix n ), diag(ia;i, ■ • ■ , ix„)) : Xfe G R} 
is a maximal abelian subspace of p, so under the identification of g* with g' + , a = 



15 



{?/ = diag(ia;i, • • • , ix n ) : Xk € K}. Then the corresponding eigenvalue manifold 
A = cxp(a) = {a = diag(ai, • • • ,a n ) : afe = e™ fc }. 

Now we let G* = GL(n, H). To see what the complexification GL(n, H)c is, 
we expand the definition of the quaternions. Recall that an quaternion in H is an 
element of the form zq + \z\ + jz 2 + kz3, where z/ € R. The multiplication in H is 
defined by the linear expansion of the relation 

(4.5) i 2 =j 2 =k 2 = -l, ij= ji = k, jk= kj = i, ki = -ik=j. 

Under this multiplication, H is a division algebra over R. Our expanded quaternion 
is the element of the form zq + izi + JZ2 + kz3, where zi G C. We denote the set 
of all such elements by He- The multiplication in He is defined by the complex 
linear extension of the relation (|4.5p . This makes He an algebra over C, and He is 
the complexification of H. But He is not divisible. We denote the set of all n-by- 
n matrices with entries in He by Ql{n, He), and the set of all invertible elements 
in gl(n, He) by GL(n, He). GL(n,Hc) is a Lie group with Lie algebra gl(n, He). 
Then it is easy to see that g[(n, He) = g[(n,H)c, GL(n,Hc) = GL(n,H)c- In fact, 
g[(n,Hc) = g[(2n,C) as Lie algebras over C. The isomorphism can be defined as 
follows. For £ G g[(n,Hc), let £ = £ + i£i + jS,2 + k£ 3 , where G g[(n,C). Define 

then 4> is an isomorphism. In particular, we have He — Qi(2, C). For £ = £o + i£i + 
j6 + k£ 3 G 0[(n,Hc), define the conjugation £ of £ by £ = £ + j£ 2 + k£ 3 , 
and the dual £ fl of £ by £ fl = - i£* - j£| - k£j. Define = (£) R . Denote 
C/(n,H c ) = {.g G GL(n, He) : <?<?* - /„}, u(n,H c ) = {£ G fll(n,H c ) :£ + £*= Q}, 
then G = J7(n,Hc) is a maximal compact subgroup of GL(n,Hc) with Lie algebra 
u(n,Hc), and K — G* PI G = Sp(n). Note that under the isomorphism <I> above, 
f7(n,Hc) = C/(2n). It is easy to show that p = {£ G u(n,H c ) : £ R = £}, and 
P = {p G J7(n,Hc) : p R = p}, which is the set of self-dual unitary matrices in 
GL(n, He). In fact, the global involution 0(g) = g of G = £/(n,Hc) is compatible 
with the above scheme. The group Sp(n) acts on P by <Jk{p) — kpk^ 1 . The space 
a = {r/ = diag(ixi, • ■ • ,ix n ) : Xk G M} is a maximal abelian subspace of p, and 
the corresponding eigenvalue manifold A — exp(a) = {a = diag(ai, • ■ • , a n ) : = 

We can choose the set of positive restricted roots as E + = {e r — e s : 1 < 
r < s < n} for each case, and /3 er -e s = /?, where (3 = 1,2 or 4 when G* = 
GL(n, M), GL(n, C), or GL(n,M), respectively. Let p(x) be a isf-invariant positive 
smooth function on P. By Theorem 14.11 the density function V(a) = p(a)J(a) for 
the compact ensemble (G,a,P,p(x)dx,A,da) is determined by 

(4.6) J( a )=2 £ ^ TJ |sm^i|' d 

1 < r < s < n 

— [J |a r -a a |' 3 . 

l<r<s<n 

In the particular case that p = 1, the corresponding ensembles is just the three 
cases of the circular ensemble. □ 

Example 4.2. Let G = SO(m + n),U(m + n), or Sp(m + n). We choose the 
global involution O of G as Q(g) — I m , n glm,ni then K = {g G G : 0(g) = 
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g} = S(0(m) x 0(n)),U(m) x U(n), or Sp(m) x Sp(n), respectively, and P = 
{g £ G : 9(.g) = 5 _1 }o = {.9 E G : {I m ,ng) 2 = I m +n}o- The induced in- 
volution 6 = dO of g is = I m ,n£,Im.n for £ E 0, and the corresponding 

e= {(o d) : ^ + ^* = 0, D + D*= 0} ,p = {(_°. 0)}. The space 

d = i T] = ^ X k (E m -k + l,m + k — Bm+i.m-Hl) : ^fc £ ^ j" 

is a maximal abelian subspace of p, and the corresponding 

TO 

^4 = afe(-Em-fc + l,m-fc + l + E m + k,m + k) 

k=l 



V ~~ a i(E m -k + l,m + k + E m + k,m-k + l) : <Zfc 6 [— 1, 

fc=l 

In fact, under the exponential map, afc = cosxfc. It is easy to show that G* is 
isomorphic to 0{m, n)o, U(m, n), or Sp(m, n) when G = SO(m + n), U(m + n), or 
Sp(m + n), and the positive restricted root system E + and the associated /3a for 
A E S + are the same as in Example 12. 21 for each of the three cases. A computation 
similar to that of in Example 13.21 shows that 



,i(/J(m+l)-2) - ,/3-l fl(m-n+l)-l 

(4.7) J(o) = 2 s J| |a r -o s |' 3 JJ|l + a r | — |l-a r | s , 

l<r<s<n r=l 

where /? = 1, 2, or 4 when G = SO{m + n), U{m + n), or Sp(m + n), respectively. 
Let p(x) be a if -invariant positive smooth function on P, then the density function 
V(a) = p(a)J(a) for the compact ensemble (K,a,P,p(x)dx,A 1 da) is determined 
by H4.7fl . In the particular case that p= 1, These are just three cases of the Jacobi 
ensembles in Duehez □ 



5. Group and algebra ensembles associated with compact groups 



In this section we examine the group ensemble and algebra ensemble associated 
with connected compact Lie group. First we give some general arguments. 

Suppose G is a Lie group with Lie algebra q. Consider the conjugate action 
<J g {h) = ghg^ 1 of G on itself and the adjoint action Ad g = da g of G on g. To get 
the group and algebra ensembles, we need a er-invariant smooth measure p(g)dg 
on G and an Ad-invariant smooth measure p(£)dX((;) on 9, where dg is the Haar 
measure on G and dX is the Lebesgue measure on g. One can easily show that such 
measures exist if and only if G is unimodular. In this case, we can always endow 
Riemannian structures on G and g inducing the measure dg and dX, respectively. 
To choose the zero measure subsets X z and Y z , we need to consider the set of 
singular elements in Lie groups and Lie algebras. We denote the sets of regular 
elements and singular elements in a Lie group G by G r and G s , and denote the sets 
of regular elements and singular elements in a Lie algebra g by g r and g s . 

Lemma 5.1. Let M be a real or complex analytic manifold, f an analytic function 
on M which is not identically zero. Then the set {x E M : f(x) — 0} has measure 
zero. 
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Proof. Because a complex manifold is automatically real analytic, we need only to 
prove the real case. In the following we always let / be an analytic function on M 
which is not identically zero. We denote the zero set of / by Z. First we suppose 
M = (-1,1)" = {(si,-- - ,x n ) G W 1 : Xj G (-1,1),.?' = l,--- ,n}. We prove by 
induction that the zero set Z of / has measure zero. For n = 1 the conclusion is 
obvious true. Suppose the conclusion is true for n — 1. Then for the case of n, since 
/ is not identically zero, the set 

A={xi G (-1,1) : /(si,-- - ,x n ) = 0,Vxj G (-1,1), j = 2, • • • ,n} 

is discrete, which must have measure zero in (—1, 1). For xi G (—1, 1) \ A, by the 
induction hypothesis, Zn({xi} x (—1, l)™ -1 ) has measure zero in {x±} x (—1, l) n_1 . 
So by Fubini's Theorem, 

/ xzdx! ■ ■ ■ dx n 

•/(-i.i)" 



= / / \z(xi,- ■ ■ ,x n )dx 2 - ■ ■ dx n \ dX! 

Jx ie (-1,1)\A \J{x 1 }x(-l,l) n - 1 J 



=0, 



where xz is the characteristic function of Z. Hence Z has measure zero. For the 
general M, we can choose countable may coordinate charts {Uj}j e ^ covering M 
such that Uj is diffcomorphic to (—1, 1)", Vj G N. Then / is not identically zero on 
each Uj. Let v be an smooth measure on M, then v(Z) < X^jli v {Z^Uj) =0. □ 

Proposition 5.2. The set of singular elements in a Lie group or a Lie algebra 
always has measure zero. 

Proof. Since the set of singular elements is defined to be the zero locus of some 
analytic function, the proposition is obvious from the above Lemma. □ 

Suppose G is a connected compact group. Choose an Ad-invariant inner product 
(•, •) on q. Then it induces a bi-invariant Riemannian structure on G and an Ad- 
invariant linear Riemannian structure on g, and then induces a Haar measure dg 
on G and an Ad-invariant Lebesgue measure dX on q. Without loss of generality, 
we may assume dg is a probability measure. Let p S v P (g) and p a ig(£) be cr-invariant 
smooth function on G and Ad-invariant smooth function on q, respectively. Let T 
be a maximal torus of G with Lie algebra t. Then the Riemannian structure on 
G also induces a Haar measure dt on T, and the Riemannian structure on g also 
induces a Lebesgue measure dY on t. Under the identification tr 1 = Tr e i(G/T), the 
inner product (•, •) induces a G-invariant Riemannian structure on G/T, and then 
induces a G-invariant measure d/i on G/T. Since T = {g 6 G : o- g (t) — t,Vt G 
T} = {g G G : Ad g (r]) = 77, Vr/ G t}, we can form the maps ip^P : G/T xT^G 
and <^ al s : G/T x t ^ g by <^ rp ([g],t) = a g (t), </? alg ([<?], r?) = Adjfa), respectively. 
Let A C t* be the root system. For a G A, let d a be the character of T defined by 
^(e'') = e M <'>,Vi) G t. 

Theorem 5.3. Let the objects be as above. Then 

(1) (G,a,G,p grp (g)dg,T,dt) is a generalized random matrix ensemble. Lts general- 
ized joint density function V(t) = p glp (t)J glp (t) is given by 

(5.1) -w*)= n i 1 -^* -1 )!- 
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(2) (G, Ad, fl,p a lg (QdX(0 > t, dY) is a generalized random matrix ensemble. Its 
generalized joint density function V(r)) = p a ig(??)>/aig(??) is given by 

(5.2) J als (»7)= I] 

Proof. Let G z = G S ,T Z = T D G z . By Proposition 15.21 G z has measure zero in G. 
Since T z = \J aeA kej: d a , T z has measure zero in T. Let G' = G \ G z = G r and 
T" = T\T Z . By the theory of compact Lie groups, one can easily show that the 
conditions (a), (b), (c), and (d) hold, and then uses Formula (f 1 . 1 1> to prove formula 
(|5.1|) . This proves (1). (2) can be proved similarly. □ 

Corollary 5.4. Let G be a compact group with a maximal torus T , and let q and 

t be their Lie algebras. Then we have 

(5.3) J g f(g)dg = -L jf ^ jf ^ /KWWb])) J grp (i)dt, 

(5-4) jf /(OdX(0 = |^| / ( / G/T /(Ad g (r,))d/,([ fl ])j J-^dyfo). 

Proof. Using Corollary 3.6 in 0, one can easily shows that for both cases in The- 
orem ED the covering condition (e) holds, and the covering sheet is \W\. So the 
corollary directly from Formula 2fl . □ 

Remark 5.1. Formula (|5.3[) is just the Weyl integration formula for compact Lie 
groups. 1)5. 4|) can be viewed as the linear version of the the Weyl integration formula. 
Here we recover them from the viewpoint of generalized random matrices. 

Example 5.1. Let G = U{n),SO(2n + 1), Sp{n), or SO(2n). We derive the joint 
density functions for the corresponding group ensemble and algebra ensemble by 
deriving the factor J alg (?7) and J grp (i) for each case. 

First we let G = U(n). Then T — {t — diag(i l5 • • • , t n ) : |t fc | = 1} is a maximal 
torus of U(n) with Lie algebra t = {77 = diag(ixi, • • • ,ix n ) : Xk £ K}. The 
associated root system A = {±(e r — e s ) : 1 < r < s < n}, where e r e t* is defined 
by e r (diag(ia;i, • • • , ix n )) — x r . Then by Theorem 15.31 for the algebra ensemble 
(U(n), Ad, u(n), p(£)dX(£),t,dY), the factor 

(5.5) J als (»?)= II \xr-x.f. 

l<r<s<n 

And for the group ensemble (U(n), a, U (n), dg, T, dt), the density function 

(5.6) j grp (t)= n \i-e i < m *—' ) \ a = n I**- — *-i a » 

l<r<s<n l<r<s<n 

where we have chosen rj = diag(ixi, • • ■ , ix n ) S t such that t = e n . 

Next we consider the case G = SO(2n+l). Then the maximal torus of 5*0(271+1) 
can be chosen as 

T={t = diag((;,; if 1 ), •••,(!; t")' 1 ) :**,**G[-l,l],^ + *J? = l}, 
whose Lie algebra is 

t={„ = diag((° T),-, (I o)-"):.a- r}. 
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The root system A = {±(e r + e s ),±(e r — e s ) : 1 < r < s < n} U {±e r : 1 < 
r < n}, where e r (rj) = x r . By Theorem 15.31 for the algebra ensemble (SO(2n + 
l),A&,so(2n + l),p(£)dX(£),t,dY), the factor 

n n 

(5.7) j ais (v)= n K+^i 2 K-^i 2 n^i 2 = n i^-^riM 2 - 

l<r<s<n r— 1 l<r<s<n r — 1 

If for t £ T we choose r\ € t such that t — e 1) , that is, tk — cosxk, t' k ~ sin x k , then 
the density function for the group ensemble (SO(2n + 1), a, SO(2n + 1), dg, T, dt) 
is 

n 

(5.8) J grp (i)= J] ll-e'^+^^ll-e'^-^'l^ll-e 1 ^! 2 

l<r<s<n r—1 
n 

=r 2 n (^-t s ) 2 n( 1 -^)- 

l<r<s<n r—1 



Now we let G = Sp(n). Then T = {t = diag(ii, • • • ,t n ,h, ■ ■ ■ ,t n ) ■ \tk\ = 1} is a 
maximal torus of U(n) with Lie algebra i = {77 = diag(a;i, • ■ • , x ni —x\, ■ • ■ , —x n ) : 
Xk G IR}. The root system A = {±(e r + e s ), ±(e r — e s ) : 1 < r < s < n} U {±2e r : 
1 < r < n}, where e r (rj) = x r . So by Theorem 15.31 for the algebra ensemble 
(Sp(n), Ad,sp(n),p(£)dX(£,),i,dY), the factor 

n n 

(5.9) J alg (r,) = H \x r + x s \ 2 \x r -x s \ 2 l[ \2x r \ 2 = 2 2 ™ FJ \x 2 r ~ xj\ 2 FJ \x r \ 2 . 

l<r<s<n r—1 l<r<s<n r—1 

For t G T, choose 77 € t such that e 77 = £, then the density function for the group 
ensemble (Sp(n), <r, Sp(n), dg, T, dt) is 

(5.10) J grp (i) = J] | 1 _ e i(^+^)|2| 1 _ e i(^-^)|2 TJ|i_ e 2 «r| 2 

l<r<s<n r—1 

n 

= n i*r-*.i a ii-*r*.i a n I 1 -*-! 2 - 

l<r<s<n r—1 



For the last group G = SO(2n), the maximal torus of SO(2n+ 1) can be chosen 

as 

T={t = diag(0; -£),■",(£ '£)) :t k ,t' k e[-l,l],tt + t% = l}, 

whose Lie algebra is 

t={r / = diag(( K ° i (I 6*}- 

The root system A = {±(e r + e s ), ±(e r — e s ) : 1 < r < s < n}, where e r (?y) = x r . 
Then by Theoreml5~3l for the algebra ensemble (SO(2n), Ad,so(2n), p(£)dX(£),t, dY), 
the factor 

(5.11) J alS W= J] \Xr+X B \ 2 \ Xr -X s \ 2 = ft \X 2 -X 2 \ 2 . 

1 < r < s < n 1 < r < s < n 



20 



If for t G T we choose 77 € t such that t = e' n , then the density function for the 
group ensemble (SO(2n),a, SO(2n),dg,T,dt) is 

(5.12) J grp (i) = Yl |i_ e *C^+*«)| 2 |i_ e <(*---*«)| 2 

1 < r < s < n 

=2 n(»-l) -Q ( tr _ ts )2. 

l<r<s<n 



Let Pgrp(s) and p a i g (£) De cr-invariant smooth function on G and Ad-invariant 
smooth function on g, then the density functions V(t) = Pgrp(t)J STp (t) and V{rj) = 
Paig(v)Jedg(v) f° r the group ensemble (G, c, G,p glp (g)dg, T, dt) and the algebra en- 
semble (G, Ad, 0,Pai g (C)^(O) t) are determined by the above formulae. In the 
particular case that p grp = 1, these four classes of group ensembles were particularly 
interesting for number theorist, since they have close relation with the distribution 
of the Riemann zeta function and L-functions (see 0). Note that when p grp = 1, 
the group ensemble associated with U (n) is just the circular unitary ensemble, and 
for suitable choice of p a ig, the algebra ensemble associated with U(n) is just the 
Gaussian unitary ensemble up to multiplication by i. □ 



6. Group and algebra ensembles associated with complex semisimple 

Lie groups 

Now we consider the group ensemble and the algebra ensemble associated with 
a connected complex semisimple Lie group G with lie algebra g. Let f) be a Cartan 
subalgebra of g, H be the connected Lie subgroup of G with lie algebra t), which 
is called a Cartan subgroup of G. Then H = {g G G : cr g (h) = h,Vh S H} = {g G 
G : Ad g (7y) = 77, Vr? e f)}. Similarly We can define the map ip&v : G/H x H G 
and v? alg : G/H x f) -> g by (^ grp ([ 5 ], /i) = ct 9 (/i), (^([ffj.r?) = Ad 9 (^). Note that 
unlike the case for compact Lie groups, the maps tp sip and (p als are not surjective 
in general, but every regular element of G or g lies in the image of (p grp or <^ alg . 
Let A = A(g, f)) be the root system. For each a G A, Let -d a be the restriction 
of the adjoint representation of H on the root space g Q . Note that •d a {e n ) — e a ™ 
for r) G f). Choose a left invariant Ricmannian structure on G such that f) and 
the root spaces g a are mutually orthogonal. It induces Haar measures dg,dh on 
G and H, and the associated linear Riemannian structure on g induces Lebesgue 
measures dX,dY on g and f). We choose a Riemannian structure on G/H which 
induces a G-invariant Riemannian measure d\i on G/H, such that the identification 
f) x = Q£ A0a — T[ e ](G/H) is isometric. To simplify to notations, we let the 
functions p grp = 1 and p a i g = 1. 

Theorem 6.1. Let the objects be as above. Then 

(1) (G, a, G, dg, H, dh) is a generalized random matrix ensemble. Its generalized 
joint density function Vih) = J grp (/i) is given by 

(6.1) J sip (h) = |i-* a (/r l )| 2 . 
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(2) (G, Ad, 0, dX, f), dY) is a generalized random matrix ensemble. Its generalized 
joint density function V(r\) = J alg (?7) is given by 

(6.2) J^( V ) = n \a(n)\ 2 . 

Proof. We first prove (1). Let G z = G s , H 2 = H n G z = \J aeA kcr i} a , then G z 
and if z has measure zero in G and H , respectively. Let G' = G \ G z = G r and 
iT = H\H Z . We prove the conditions (a), (b), (c), and (d) hold. For every g 6 G', 
there is some g' G G such that oy(.<?) G if', so every orbit in G' intersects ii 7 . 
Then the invariance condition (a) holds. We denote 0i = (§) aeA 8a- For h G H, 
consider the map : gi — >• X/jOh, = | t=0 cr e xpt£(/i)- If we identify T,,G 

with q — T e G by left translation, we have, for £ G Q , 

*h(£) =(^-i)a^t| exp«)/iexp(-*£) 
dr lt=o 

=Ad(/r 1 )(£)-C 

= ( l ? Q (/ l - i )-i) e. 

If /i G H' , i9q,(/i _1 ) - 1 ^ 0,Va e A, so is an isomorphism from Qi onto 
TftOft. = gi. Then we have ThG — f) © T^O/i orthogonally, that is, the conditions 
(b) and (d) hold. By Corollary 7.106 in [5], the identity component of Gh is i/, 
Vh G -ff 7 , so the dimension condition (c) also holds. We have shown that acts 
on gi = © qsA 0q diagonally with eigenvalues {X a = i9 Q (/i~ 1 ) — 1 : a G A}. Each 
eigenspace has complex dimension 1, But what we are looking for is the norm of 
the "determinant" | dot ^/J of ^>h, which was regarded as a real linear map. Note 
that if we view C as a 2-dimensional real vector space with a basis then 

multiplication by X a induces a linear transformation with matrix (J^f ~rT\"" 

whose determinant is |A Q | 2 . Note that the identification 0! = T^ G / H ^ is isometric, 
we have 

J sip {h) =|det* h 

= n itf-e* -1 ) - if. 

This proves (1). The proof of (2) is similar but more easy. We omit it here. □ 

Corollary 6.2. Let G be a complex semisimple Lie group with a Cartan subgroup 
H , and let q and fj be their Lie algebras. Then we have 

(6-3) jj {9)d9= W\ I H {lc/H na9{h))M[9]) ) JSrP{h)dh > 

(6-4) ^ f(Z)dX(0 = j^Ff ^ f J g/h /(Ad,(u))(fo(fo])J r ls (n)dY(n), 

where W = VF(A) is the Weyl group. 

Proof. By Formula 11.211 . it is sufficient to check the covering condition (e) for 
both cases and show the covering sheet is \W\. For the Lie algebra case, by the 
structure theory of complex semisimple Lie group, for every r\ G I)', the isotropic 



22 



subgroup Grj of G associated with rj equals to H. It is also known that for every 
£ G g' , there exists some g G G such that Ad s (£) G f)'. Such Ad ff are labelled by 
Ncih) — { T £ Int(fl) : = f)}, that is, if Ad g and Ad g < both send £ into ()', then 
Ad ff = t o Adg/ for some r 6 iVGr(f)), and such r is unique. But it is known that 
W = Na(fy)/H. So every orbit in g 1 intersects t)' at \W\ points. By Corollary 3.6 
in [2], the covering condition (e) holds for the Lie algebra case, and the covering 
sheet is \W\. 

Now we prove the Lie group case. We want to show that Vg <E G", (y grp ) _1 (<7) 
has \W\ points. By the same reason as in the proof of Corollary 3.6 in [2], we 
need only to show the case g G H', and the general case can be reduced to it. 
Thus we let ft G H' , and let gi, ■ ■ ■ ,g\w\ S Naify), one in each component. Then 
{([QiU^hgi) : i = 1,---,\W\} C (^P)-H^). Let ([g],h') G (^P)~\h), then 
gh' ' g~ x — h. But h and ft.' are regular, their centralizer in g must be the Cartan 
subalgebra t). So Ad(gr) fixes t), and then g e iV G ((j), so ([5], ft') = ( [g io } , 3^ 1 hg io ) 
for some i G {1, • • • , \W\}. Thus in fact we have (<^ grp ) _1 (ft) = {([g^, g~ 1 hg l ) : i = 
1, • • ■ , \W\}, which has \W\ point. By Proposition 3.5 in |2j, (p srp is a \W\ sheeted 
covering map. □ 

Remark 6.1. Notice that when we prove (/? grp is a covering map, we make use of 
Proposition 3.5 in directly, ignoring Corollary 3.6 in ,2\ In fact, the conditions 
of Corollary 3.6 in P] are not satisfied in general, that is, here the phenomena of 
sudden variation of the isotropic subgroups may happens (see Remark 3.2 in 0). 
G = SL(2, C)/{±1} is such an example. For details see (jHJ, Section 7.8). 

Remark 6.2. Formula H6.3JI is just Harish-Chandra's integration formula for complex 
semisimple Lie groups. Ij6.4|l is the linear version of Ij6.3|l . Here we recover them 
form the viewpoint of generalized random matrices. 

Example 6.1. Let G — SL(n, C)(n > 2), which is a complex simple Lie group. 

n 

f) = {rj = diag(xi, ■ ■ • ,x n ) :it£C,^ x k = 0} 

fe=i 

is a Cartan subalgebra of the Lie algebra g — sl(n,C) of G. The corresponding 
Cartan subgroup is 

71 

H = {h = diag(fti, ■ • • ,h n ) ■ h k eC,J]ft t = 1}. 

k-l 

The root system A = {±(e r — e s ) : 1 < r < s < n}, where e r G f)* is defined 
by e r (diag(a;i, • • ■ ,x n )) — x r . So by Theorem 16.11 the generalized joint density 
function V(r)) = J als (rj) for the algebra ensemble (SL(n, C), Ad, sl(n, C), dX, t), dY) 
is 

(6.5) J alg W= J] W-Xsf. 

l<r < s<ti 

For h = diag(fti, • ■ • , h n ) G H, choose some rj = diag(xi, • ■ • , x n ) G t) such that 
ft = e v , that is, h r = e Xr for each r. Since d a {h) = "i? Q (e' ) ) = e a ^ for each a G A, 
by Theorem l6.ll we get the density function V(h) = J grp (ft) for the group ensemble 
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(SL(n, C), a, SL(n, C),dg, H, dh) as 

1 <r <s<n 

n 

(6.6) = ]^[ le 1 - -e^l 4 ]^ |e- 2(n - 1)a: "| 

l<r<s<n r — l 

= n i^-^i 4 . 

l<r<s<n 

Note that in this example the "eigenvalue manifolds" H and t) are really consist 
of eigenvalues of the matrices in the corresponding integration manifolds. □ 

Example 6.2. Let G — Sp(n,C) — {g G SL(2n, C) : g t J n ,n9 = which is a 

o /„' 

/,i 



complex simple Lie group, where J n ,n = f_j ■ Its Lie algebra g = sp(n, C) 

{£es[(2n,C) :£*,/„,„ + J n , n £ = 0}. 

f) = {r/ = diag(xi, ■ • ■ -Zi, • ■ • , -x„) : x fc G C} 

is a Cartan subalgebra of Sp(n, C). The corresponding Cartan subgroup is 

H = {h = diag(/ii, • • • , /i„, /iT" 1 , • • • , ft," 1 ) : h k e C,h k ^ 0}. 

The root system A = {±(e r + e s ), ±(e r — e s ) : 1 < r < s < n}U{±2e r : 1 < r < n}. 
By Theorem 16.11 the density function P(ri) = J alg (r/) for the algebra ensemble 
{Sp{n, C), Ad, sp{n,C),dX,t),dY) is 

n 

(6.7) r is M= 2 4 - n i^-^i 4 ;qm 4 - 

l<r<s<ro r—l 

For h = diag(/ii, • • • , h n , , • • • , h^ 1 ) G H, choose some r\ — diag(si, • • • , x n , 
—X\, • ■ • , —x n ) G t) such that h = e 71 , that is, h r — e Xr for each r. Then we have 
d a (h) = e a{ ^ for each a G A. By TheoremloTl the density function V(h) = Js r P(/i) 
for the group ensemble (Sp(n, C), er, Sp(n, C), dg, iJ, d/i) is 

J grP (/l)= J] | 1 _ e ^+^j2j 1 _ e -(^+^)|2| 1 _ e , ; ,.- a;3 |2| 1 _ e3;s - a;r |2 

1 < r < s < ra 
n 

(6.8) JJ |l-e 2a: ''| 2 |l-e- 2a: 'f 

r=l 

l<r<s<n r—l 

Similar to Example 16. II here the "eigenvalue manifolds" H and f) are also consist 
of eigenvalues of the matrices in the corresponding integration manifolds. □ 

Example 6.3. Let G = SO{2n,C). Then 

b = = diag ((£ ,; ).•••.(;; EC} 
is a Cartan subalgebra of so(2r>, C), the corresponding Cartan subgroup is 

A routine computation similar to that of in Example 16 . II and 16 . 21 shows that 

(6.9) J als (r?)= I] \ x r -^l 4 ' 

1 <7"<s<n 
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(6.10) J sip {h) = 2 2n( ™- 1) \h r -h s \ 4 . 

l<r<s<n 

□ 

Example 6.4. Let G = 50(2n+ 1,C). Then 

t) = {, = diag(( x ° i T).-.(i T).o)=**ec} 

is a Cartan subalgebra of so(2n + 1, C), and the corresponding Cartan subgroup is 

ff={fc = diag((*; f 1 ),---,^ - fc fc B -),i):ft fc) ft / fc eC,^ + ^ = i}. 

Then we can derive that 

(6.H) J aig w= n i^-^nw 4 , 

l<r<s<n r— 1 

n 

(6.12) J srp (h) = 2 2 " 2 H \h r -h 3 \ 4 l[\l-h r \ 2 . 

l<r<s<n r—1 

□ 

7. Pseudo-group and pseudo-algebra ensembles 

In this section we consider the pseudo-group ensemble and the pseudo-algebra 
ensemble associated with a real reductive group. Strictly speaking, they are not 
generalized ensembles, since the integration manifolds may have singularities. But 
this doesn't matter, since integration manifold is the closure of an open submanifold 
of a real reductive group or a real reductive Lie algebra, whose boundary has 
measure zero. Let G be a real reductive group with lie algebra g. Let 9 be a Cartan 
involution of g, and let f)i,-- - , f) m be a maximal set of mutually nonconjugate 
9 stable Cartan subalgebras of g. The corresponding Cartan subgroups of G are 
Hi = Z G ((h), ■■■ ,H m = Z G {t) m ). Let G' = G T , = HjHG', and let g' = g r , % = 
h ng>. Then it is known that G' = \JT=i U seG S^S -1 , fl' = U£=i U seG Ad(ff)(^)- 
Denote G^- = \J geG gH'-g -1 , g'- = \J geG Ad(#)(f^). Then each is an open set 
in g, and each G^ is an open set in G. Let Gj = G'-, gj — g'-. It is easy to 
show that {g e G : c g (/i) = /i,V/i £ = Z(Hj), whose Lie algebra is fjj. So 
we can form the maps <pf p : G/Z(Hj) x Hj — > Gj and <^ lg : G/iJj x f)j — > gj 
by </5 grp ([<?], /i) = and ^ g ([ff],J?) = Ad g (r]), respectively. The maps </? grp 

and <^ lg may not be surjective in general. But since G'j C Im((y3 grp ) C Gj and 
g'j C Im((p| lg ) C gj, the sets Gj\Im(y> grp ) and gj\lm((pf s ) have measure zero. 
Choose a Hermitian product on the complexification gc of g such that (f)j)c and 
the associated root spaces are mutually orthogonal. It induces a left invariant 
Riemannian structure on G, then induces a G-invariant measure rf^j on Gj and a 
Haar measure dhj on iJj. Note that the measure dgj is the restriction of a Haar 
measure dg on G for each j. Similarly, it induces a G-invariant measure dXj on 
gj (which is the restriction of a Lebesgue measure dX on g for each j) and a 
Lebesgue measure dYj on \)j. Let dfipd/Xj be G-invariant measures on G/Z(Hj) 
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and G/Hj, which are induced by Riemannian structures on GjZ{Hj) and G/Hj 
such that the identifications En~ = T^(G/Z(Hj)) = T^(G/Hj) are isometric. For 
each a e Aj — A(gc, (f)j)c)j Let d a be the restriction of the adjoint representation 
of Hj on the root space g Q , which satisfies $ Q (e'') = e a ^ for r/ Et)j. Then we have 

Theorem 7.1. Lei t/ie objects be as above. Then for each 1 < j < to, 

fi,) (G, cr, Gj , d<7j , iT, , d/ij ) is a generalized random matrix ensemble. Its generalized 

joint density function Vj(K) = J^ lp (h) is given by 

(7.1) Jf p (h)= I] \1-Mh- 1 )]- 

(2)(G, Ad, Qj, dXj, dYj) is a generalized random matrix ensemble. Its general- 
ized joint density function Vj(rj) — jf s (il) is given by 

(7.2) j; is (v)= n 1^)1" 

Proof. First we prove (1). We let (G 3 ) z = Gj\G^, {H j ) z = Hj\Hj. Then by the 
discussions above, the condition (a) holds automatically. For h G Hj, since h is 
regular, the Lie algebra of Gh = {g G G : ghg^ 1 = h} is t)j, so the dimension 
condition (c) holds. For h G Hj and £ G fn~, under the identification of T^G with 
g = T e G by left multiplication, it is easy to show that 

= 4| <We(/l) = (Ad^ 1 ) - /)£. 

at I t=o 

Let 0c = (f)j)c © a£Aj g Q be the root space decomposition of gc, then (t)f)c = 
aeAj g Q . Let A) = {a G Aj : l)f n g a ^ 0}, and let A 2 = Aj\A]. For each 
a G Aj ■ , choose a £ a G g Q such that £ Q G f) j~ for a G A]. Then for a G A], 

(7.3) Vh(ia) = ('&a(.h~ 1 )-l)Za. 

Now let a £ A-. For each h £ Hj, since Ad(/i)£ a = $ a (h)£, a , we have Ad(ft.)£ Q = 
$a(h) £,a, where £ Q is the conjugation £ Q of with respect to \)j. This means that 
£ Q belongs to some root space g Q '. Denote a' — r(a), then r is a permutation 
of A 2 without fixed point, and r 2 = 1. So A 2 has a partition A 2 = A 2 U t(A 2 ). 
Modifying the Hermitian product on gc if necessary, we may assume \£ a \ = £ Q |. 
Then it is easy to show that {£ Q : a G A j } U + £ Q , i(£ a — £ a ) : a G A 2 } is an 
orthogonal basis of f) j- . Now for a G A 2 , we have 

(7.4) * h (£ Q +£) = (M^ 1 ) - + (M^ 1 ) - 1) 



(7.5) Vh(i(Z a - ( a )) = iiMh' 1 ) ~ l)Ca - iiMh- 1 ) ~ 1) 

lihe H' } , then ^(/i^ 1 ) - 1 ^ 0,Va g Aj. This means that * h : f)| ->■ T h O h is 
an isomorphism, and ThG'j = \)j © TkOk orthogonally. So the conditions (b) and 
(d) hold. Combining (|73|) . |73}, and (|73j) . we get 

Jf v {h) = |det* h | = |1 - ^(ft- 1 )!. 
This proves (1). The proof of (2) is similar, which was omitted here. □ 
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Corollary 7.2. Let the objects be as above. Then for each 1 < j <m, we have 
(7-6) / f(g)d 9j = -L, - / (/ /(a 9 (ft))d W ([ ff ]) ] Jf»{h)dh h 

(7-7) jf /K)dX i (0 = |^i^ ^/ o/h /(Ad^))^^ Jj^dyjfa), 

where Wj is the analytic Weyl group Wj = N G (t)j)/ Hj associated with Hj. 

Proof. The proof of (|7.7|) is essentially same to the proof of i|6.4|) in Corollary 
Now we proof formula l|7.6[) . Similar to the proof of l|6.3|) in Corollary 16. 21 we can 
get an integration formula 

(7.8) / f(g)d 9j = 1 / (/ /MA))«*A«i([s]) ) Jf p (h)dhj. 

Jg 3 \ N G{Hj)/Z G (Hj)\ J H . yJa/z^Hj-) j 

But Zg(Hj) = Z(Hj), and it is easily to prove N G (Hj) = N G (t)j). So \N G {Hj)/Z G {Hj)\ 
= \N G ^ 3 )/Z{H 3 )\ = \N G (i)j)/Hj\-\Hj/Z(Hj)\ = \Wj\-\Hj/Z(Hj)\. Hence to prove 
(17.61) , by 17.8(1 , it is sufficient to show that 

(7-9) / /(<7 B (fc))d/4 ([<?]) = \H S /Z{H S )\ ( f(a g (h))d^(\g]). 

JG/ZiHj) J G j Hj 

But the natural projection ip : G/Z(Hj) — > G/Hj is a |_ffj/Z(_ffj)| -sheeted covering 
map, and i/j*(dHj) — du,'y Hence (|7.9|l follows directly from Proposition 3.1 in [2]. 
This complete the proof of the corollary. □ 

Corollary 7.3. Let the objects be as above. Then we have 

(7-10) J g f(g)dg ^f^^^ ( J g/h /('«(ft))«MM)) Jf P (h)dh h 

(7.H) £ Kt)dX(Q = ^ ^ /(Ad e fa))d W (b])J jfWdYjir,)- 

Proof. Since G' = |Jj=i fl' = Uj=i flj ' an d tne sets OI " singular elements G s — 
G\G' and g s = g\g' have measure zero, and also notice that Hj\H'j and t)j\f)'j have 
measure zero in the corresponding spaces, the proof follows directly from Corollary 

o □ 

Remark 7.1. Formula (|7.1U|I is just the Harish-Chandra's integration formula for 
real reductive groups (see Theorem 8.64), and formula i|7.11[) is its linear version. 
Here we recover them from the viewpoint of generalized random matrices. 

Example 7.1. Let G = SL(2, M). Its Lie algebra q = s[(2,M) = j (* } , 

where x,y,z 6 K. = — ^ _0 = is a Cartan involution 

of fi[(2,R). There are exactly 2 mutually nonconjugate 8 stable Cartan subalge- 
bras t)i = {(* ^^j | , t)2 = | (® y o) } ■ ^ nc corresponding Cartan subgroups are 

H t = | fa a ^ : a e M, a ^ o| , H 2 = 50(2) (see jH), page 487). Note that H 2 is 
connected, but i?i has two connected components. It is easy to show that 

fl' = 0,- = Ues[(2,M):det^0}, 
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01 =Uest(2,R) :det£<0}, 

2 = {£es[(2,R):det£>O}. 

Similarly, 

G' = G r = {g e SL(2,R) : |tr g\ ^ 2}, 

G 1 = {geSL(2,R):\txg\>2}, 

G 2 = {g e ST(2,R) : |tr g\ < 2}. 
The corresponding root systems are Ai = {±ai} with ±ai^Q ^ X J = ±2x, and 
A2 = {±0:2} with ±a 2 (^® y f^j = i2iy. By Theorem 17.11 the density function 
V\ = jf s for the pseudo-algebra ensemble (SL(2, R), Ad, gi, dXi, E)i, dY{) is 

(7.12) J?z(l ° x )=Ax\ 

and the density function V 2 — J 2 ls f° r the pseudo-algebra ensemble (SL{2, R), Ad, 02, 
dX 2 , f) 2 , dla) is 

(7.13) J 2 alg (_° y g)=V- 

For the group ensembles, it is easy to show that "&± ai a °^j — a ±2 , and 

$± a2 (_ C °- n \ cosy) = e±2iV - So b y Theorem O the density function Vi = Jf p 
for the pseudo-group ensemble (SL(2, R), a, G\, dgi, Hi, dhi) is 

(7.14) JF(l a °>) = (a-a-i)\ 

and the density function V 2 = J 2 Yp f° r the pseudo-group ensemble (SL(2, R), a, G2, 
dg 2 ,H 2 ,dh 2 ) is 



(7-15) Jr P (-° s l y y Zl)=^m 2 y. 



□ 



Example 7.2. Let G = GL(n, R), which is a reductive group. Then #(£) = — £' is a 
Cartan involution of g = 0l(n, R). has exactly m = +1 mutually nonconjugate 
6* stable Cartan subalgebras, which can be write explicitly as 

t)j = {7/ = Dj(xi ■■■Xn) : x k e R}, 

j = 0, ■ ■ • , [5] , where we denote 

(diag(xi • • • Xj) diag(Kj + i • • • x 2 j) 
-diag(x J+ i • • • X2j) diag(xi • • -ay) 
diag(a:2j + i • • • x n ) 

(see jS], page 95). Using the explicit form of the Cartan subalgebra one can 
easily prove that an n-by-n real matrix commutes with all elements in t)j if and only 

if it is of the form Dj(ai ■ ■ ■ a n ), whose determinant is Hr=i( a r + a j+r) II™=2j+i a r- 
So by definition, the Cartan subgroup 

j n 

Hj = |/i = Dj(ai ■ ■ ■ a„) : a* € R, ]^J(cv + a 2 j+T ) \ i a r /o|. 

r=l r=2j + l 
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It is easily seen that Hj has 2" 2j components. The integration manifolds gj 



U ggG Adg(f)j), Gj — \J ge G 9Hj9 1 - More precisely, one can prove that 
g'j = {£ G g' : £ has exactly n — 2j real eigenvalues}, 
G'j = {g G G' : g has exactly n — 2j real eigenvalues}. 

So 

Qj = g' = {£ Gg : for some suitable permutation Aj, • • ■ , A„ 



of the eigenvalues of £, Ai = Aj+i, • • • , Aj ■ = A2j ; Aaj+i, • • • , A„ are real}, 

Gj = G'j = {g GG : for some suitable permutation Ai, • • ■ , A n 

of the eigenvalues of g, Ai = Aj+i, ■ • • , Aj = \2j ; A27+1, • • • ,X n are real}. 

The root system associated with the Cartan subalgebra t)o = {diag(xi, • • • , x n )} is 
Ao = {±(e r — e s ) : 1 < r < s < n}, where e r G f)g is defined by e r (diag(xi, • • • , x n )) 

/I, ; Ij \ 

= x r . Denote the matrix L = Hj -Hj ] Then we have L~ l Dj(x\ ■ ■ ■ x n )L 

V /„_2j/ 

= diag(yi, • ■ • ,y n ), where 

!x r + ixj+r, 1 < r < j; 
x r -j - ixr, j + 1 < r < 2j; 
x r , 2j + 1 < r < n. 

By Theorem 17.11 the density function Vj (rj) — Jj ls (rj) for the pseudo-algebra 
ensemble (GL(n, K) , Ad, Qj , dXj , t)j , dYj ) is 

Jf g (v)= II Kdiag( yi ,--. ,y n ))\ 

= n 

1 < r < s < ra 

= P| \[{x r + ixj +r ) - (x s + ixj +a )][(x r — ixj +r ) - (x a - ix j+s )}\ 2 

l<r <s<j 

(7.16) j I \x r - x 3 \ 2 Y\ \{x r + ixj +r ) - (x 3 - ia; J+s )| 2 

2j + l<r<s<n l^^i^^J 

Jl I l( x r + iXj+r) - X s ][(x r - ix j+r ) - X a ]\ 2 



l<r<j,2j + l<s<n 
3 



— Y\ -''j+r Yl \Xr-Xsf ] [ {{Xr — Xs) 2 + X 2 +r ) 2 

r = l 2j + l<r<s<n l<r<j,2j + l<s<n 

Yl ((Xr — Xs) 2 + (Xj + r — Xj + S ) 2 ) 2 ( (x r — Xs) 2 + (Xj + r + Xj + S ) 2 ) 2 . 

l<r < s< j 

Now we come to the groups ensembles associated with G = GL(n,R). A direct 
computation shows that the root spaces Q a {a G Aj) associated with (qc, (f)j)c) are 
of the form 

{ 0Q : a G Aj} - {CiLErsL- 1 ) : r ^ s}, 

where E rs denotes the n-by-n matrix with 1 at the (r, s) position and elsewhere. 
We denote the root a G Aj corresponding to E rs by a rs - One can also easily 
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computes that for each h e Hj and £ rs € Qu rs , h£ rs h 1 = p£r S , where 

!h r + ih j+r , 1 < r < j; 
h r -j — ih r , j + 1 < r < 2j; 
h r , 2j + 1 < r < n. 

So i?ar,(/i) = K and tnen b y Theorem m 



= n 




|l-0„ 


-.(ft -1 ) 


Kr,s<n;r 








= n 


l 


^ l l 1 
Z S 1 1 


1.1 






= n 

Kr <s<n 




L S 

Iris | 





Note that the expression Ili<r<s<ri \^r~h\ 2 has been computed in Formula 1)7. 
if we replace y r by l r . On the other hand, 

n j n 

n M.i=niiri tt " i =n(^ +h i+r) n " 1 n i^r 1 - 

l<r<s<?i r — 1 r — 1 r— 2j-\-l 

Combining these two results, we get 

j n 

jf p {h)=^\\h 2 3+r (hi+h 2 J+r )- {n - i) n n \hr-k s \ 2 

r=l r = 2j + l 2j + l<r<s<n 

(7.17) fj ((fe r -/ ls ) 2 + (^ +r -/ ij+3 ) 2 ) 2 ((/i r -/ ls ) 2 + (/ lj+r + / lj+s ) 2 ) 2 

l<r<s<j 

n ((h r -h s f+h 2 j+r ) 2 . 

l<r<j,2j + l<s<n 

□ 
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